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SPIN-WIEDEMANN-FRANZ LAW
Here we develop in more detail the concept of a spin-
Wiedemann-Franz law used in the main text. First, we
prove mathematically the aforementioned law for the case
of a spin relaxation dominated by elastic spin-ip scatter-
ing. Next, we include inelastic relaxation processes and
dene the parameter . Finally, we show that for elas-
tic spin-ip scattering a non-zero spin heat accumulation
does not induce nor change the spin accumulation.
Spin heat resistance and Wiedemann-Franz law
The standard way to compute the steady state value of
the spin accumulation  is to balance the net amount
of spins injected per unit time t, with the loss of spins
due to spin relaxation in the non-magnetic material. The
latter is governed by the spin resistance rs, for which
rs =  s is obtained if we assume that  decays ex-
ponentially away from the tunnel interface with a spin-
relaxation length s [1{3]. In a similar way we evalu-
ate the spin heat resistance rQs , which describes how ef-
fective a (non-equilibrium) spin heat accumulation Ts
is relaxed to zero in a non-magnetic material. Inelastic
(electron-phonon and electron-electron) interactions are
possible relaxation mechanisms. We shall include these
later on, but we rst discuss another mechanism, namely,
elastic (or quasi-elastic) spin-ip scattering. The net ef-
fect is that it moves electrons above the Fermi energy
from the hot spin reservoir to the cold spin reservoir,
and simultaneously moves electrons below the Fermi en-
ergy in the opposite direction. This results in cooling of
the hot spin reservoir and warming up of the colder spin
reservoir, thus equalizing T " and T #. Note that there
is no net ow of spin angular momentum if the spin-ip
scattering rate is not dependent on energy (i.e., unlike
a spin accumulation, a non-zero Ts does not give rise
to spin relaxation, even though spin-ip scattering is the
relevant scattering process. See the last subsection for
an explicit evaluation).
The energy ow between the two spin reservoirs in the
non-magnetic material is denoted by the spin heat cur-
rent JQVs per unit volume (in Wm
 3). We also introduce
Vs , the volume spin heat conductance (in Wm
 3K 1)




The total energy ow is obtained by integrating JQVs
over the full spatial extent of the spin heat accumulation,
noting that according to heat diusion, the spin heat ac-
cumulation is expected to decay exponentially with ver-
tical distance z from the injection interface. That is,
Ts(z) = Ts exp( z=Q), where Q is the spin heat
relaxation length. In a steady state, the integrated JQVs
has to be equal to the spin heat current IQs that is in-










= Vs Ts Q (16)
Comparing this to the relation that denes rQs (Eq. (8)





Below it is shown that if the spin heat accumulation
relaxes via elastic or quasi-elastic spin-ip scattering
(only), we have for Vs
Vs =
L0 T0


















This is an important result, as it constitutes a type of
spin-Wiedemann-Franz law, relating the electronic spin
resistance rs to the spin heat resistance r
Q
s via the
Lorentz number and the temperature.
The nal task is to prove Eq. (18) for Vs . We assume
that the spin-ip scattering is predominantly elastic. The
spectral (energy-resolved) spin heat current due to spin-





f("; "; T ")  f("; #; T #)
 elsf (")
(20)
2where " is the energy with respect to the Fermi energy,
f("; ; T ) is the Fermi-Dirac distribution function, N(")
is the density of states per spin in the non-magnetic mate-
rial, and  elsf is the spin-ip time. The factor of 2 appears
because each spin ip reduces the energy dierence be-
tween the two spin reservoirs by two units of ". Note
that  elsf and the elastic spin-relaxation time 
el
s are re-
lated by  elsf = 2 
el
s . If the density of states and the
spin-ip time are not strongly dependent on energy, the











f("; "; T ")  f("; #; T #) " d"
The following relations are of use:
fi = f0 +
@f0
@
(i   0) + @f0
@T













where f0("; 0; T0) is the equilibrium distribution param-
eterized by 0 and T0. Using these relations we have
























The integral can be evaluated using the Sommerfeld ex-


























Next we use the generalized Einstein relation, e n
tot =
De (@ntot=@EF ), where e is the carrier mobility, D the
diusion constant, ntot is the spin-integrated electron
density, and @ntot=@EF is equivalent to 2N("F ) (recall
that the latter was dened per spin). Using the resistiv-




D  els , and r
el





















just as it was already used in Eq. (18). Note that the spin
heat current due to spin-ip scattering is proportional
solely to Ts. There is no contribution from the non-
zero . This is a direct consequence of the assumption
that the spin-ip time is not dependent on energy.
Wiedemann-Franz law including inelastic relaxation
In the previous subsection we derived a Wiedemann-
Franz type of law for spin resistance, under the assump-
tion that the relaxation of the spin heat accumulation
occurs exclusively via (quasi-) elastic spin-ip scattering.
However, spin heat relaxation occurs also via inelastic
scattering processes.
One inelastic process is electron-phonon (e-ph) scat-
tering. Phonons in the non-magnetic material cause an
indirect energy ow from the hot spin reservoir to the
cold spin reservoir, which can be understood as follows.
In the presence of a non-zero Ts, the temperature dif-
ference Te-ph between electrons and phonons is spin de-
pendent and given by T "   T ph and T #   T ph, respec-
tively. As a result, the heat transfer to the phonons is
spin dependent, which tends to equalize T " and T #. For
the specic case where the phonon temperature is equal
to the spin-averaged electron temperature T0, we have
T "e-ph = +Ts =2 and T
#
e-ph =  Ts =2.
Another process is inelastic electron-electron (e-e)
scattering, which causes a direct energy ow between the
two spin reservoirs in the non-magnetic material, which
also tends to equalize T " and T #. Note that in the ab-
sence of spin-orbit scattering [5] the e-e interaction does
not cause any additional relaxation of the spin accumu-
lation , so its sole eect is to decrease Ts.
Including relaxation via inelastic processes in the
derivation of the spin-Wiedemann-Franz law has impor-
tant eects. First, in Eq. (15) for the spin heat current
JQVs induced by a non-zero Ts, we must add the volume
spin heat conductances V;e-phs and 
V;e-e
s due to e-ph and










where we have kept Vs to denote the term due to elastic
spin-ip scattering, given by Eq. (31).
The second eect is that we can no longer set s = Q,
as previously done in Eq. (17) for the spin heat resistance.
Let us discuss this in more detail. In the regime of diu-
sive (heat) transport, we expect that Q =
p
D Q, with
the corresponding diusion constant being the same as
that for charge transport. This is a valid assumption
since electronic heat transport is associated with elec-
trons only. This is analogous to the case of electronic
3spin transport where the charge and spin diusion coe-
cients coincide. On the other hand, the inelastic scatter-
ing processes contribute to the relaxation of the spin heat
accumulation, and therefore aect Q. This spin heat re-
laxation time can be obtained by dening the inelastic
































Note that  elQ = 
el













For the case of Vs  V;e-phs +V;e-es , this reduces to  els .
To parameterize the contribution of inelastic scattering




















The spin heat resistance including inelastic relaxation






























where we have rst inserted Eq. (36), then used Eq. (31)






Finally, expressing the spin resistance rels =  
el
s due to
elastic processes only in terms of the total spin resistance







which is the spin-Wiedemann-Franz law as described in
Eq. (13) of the main text.
Spin relaxation with nite spin heat accumulation
For the sake of completeness, we evaluate the spin cur-
rent due to elastic spin-ip scattering in the presence of
a spin heat accumulation using the same approach as in
the rst subsection. It is demonstrated that a non-zero
Ts does not induce nor change the spin accumulation,
provided that the spin-ip time (and the density of states
around the Fermi level) are not dependent on energy in
the relevant range of a few kT . The spectral spin current




f("; "; T ")  f("; #; T #) e
 elsf (")
(40)
If  elsf and N do not vary much around the Fermi energy,
the integrated spin current in the presence of a non-zero







f("; "; T ")  f("; #; T #) d"
(41)

















The second part of the integral, which contains Ts van-
ishes (see Eq. (3) of Hatami et al. Ref. 4). Thus, only a
non-zero  produces a net spin current and spin relax-


















2 e  (els )
2
 (45)
Assuming that (z) =  exp( z=s), and using that
in a steady state, the spatially integrated JVs has to be
equal to the spin current Is that is injected through the


















where rels =  
el
s is the spin resistance (in 
m
2), con-
sistent with the denition of rs in Eq. (7) of the main
text.
4HANLE EFFECT AND BLOCH EQUATIONS
In this section we describe the dynamics of the spin
accumulation and the spin heat accumulation due to the
Hanle eect. A spin accumulation in a paramagnetic ma-
terial implies that there is a net non-equilibrium magne-
tization or particle spin density Ns. The particle spin
density is linearly proportional to the spin accumulation





































Similarly, if we denote the energy density by E, then the
energy spin density Es = E
"  E# is proportional to the




























= N("F ) e
2 L0 T0Ts (48)
When a magnetic eld is applied transverse to the initial
spin direction (Hanle geometry), the electron magnetic
moments precess at the Larmor frequency. In the next
paragraph we rst describe the resulting dynamics of the
particle spin density using the Bloch equations, and then
apply a similar analysis to the energy spin density to
describe the dynamics of the spin heat accumulation.
The Bloch equations that describe the dynamics (pre-
cession and relaxation) of the particle spin density are:
@Ns;x
@t










= (Ns B)z   Ns;z
s
(51)
with  = g B=~ the gyromagnetic ratio. For B applied
along the z-axis, and the boundary conditions Ns;x = N0
and Ns;y = Ns;z = 0 at t = 0, the solutions are:
Ns;x = N0 cos(!L t) e
 t=s (52)
Ns;y = N0 sin(!L t) e
 t=s (53)
Ns;z = 0 (54)
Thus, the precession of the magnetic moments in a trans-
verse magnetic eld causes the projection of the particle
spin density onto the x and y axis to oscillate at the
Larmor frequency, whereas spin relaxation causes an ex-
ponential decay. Since the particle spin density has a
magnitude and a direction that varies in time, and the
particle spin density is proportional to the spin accumu-
lation, the latter also has a magnitude and direction that
varies in time. Integrating over time gives a Lorentzian
for the x-component of the particle spin density, and sim-
ilarly for the x-component of the spin accumulation:
Ns;x / ()x = ()0 1
1 + (!L s)2
(55)
The energy spin density Es = E
"   E# describes the
dierence in the energy of electrons with spin pointing
parallel (") and antiparallel (#) to a given quantization
axis. The precession of the electron magnetic moments in
a transverse magnetic eld causes the quantization axis
to be time dependent, and hence the energy spin density
also precesses at the Larmor frequency. To describe this,
we introduce a similar set of Bloch equations, but now
for the energy spin density, and taking into account that
a dierent relaxation time Q should be used:
@Es;x
@t










= (Es B)z   Es;z
Q
(58)
Please note that the energy spin density can be dened
even if the particle spin density is zero. For B applied
along the z-axis, and with similar boundary conditions
(Es;x = E0 and Es;y = Es;z = 0 at t = 0) the solutions
are thus similar to Eqs. (52), (53) and (54), namely:
Es;x = E0 cos(!L t) e
 t=Q (59)
Es;y = E0 sin(!L t) e
 t=Q (60)
Es;z = 0 (61)
Since the energy spin density has a magnitude and a di-
rection that varies in time, and it is proportional to the
spin heat accumulation, the latter also has a magnitude
and direction that varies in time, eectively making the
spin heat accumulation a (time-dependent) vector. Inte-
grating over time gives a Lorentzian for the x-component:
(Ts)x = (Ts)0
1
1 + (!L Q)2
(62)
In the main text it was shown that the voltage across
the tunnel contact has two independent contributions
from, respectively, the spin accumulation and the spin
heat accumulation. This applies to the static case as well
as under dynamic conditions. The Hanle voltage signal












5The Hanle line shape is thus also a superposition of
two Lorentzian curves with dierent amplitude and line














1 + (!L Q)2
(64)
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